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CHROMATIC PARTITIONS OF A GRAPH 
E. SAMPATHKUMAR and C.V. VENKATACHALAM 
Karnctak University, Dhwwad-580 003, India 
Let x(G) be the chromatic number of a graph G = (V, E), and k 3 1 be an integer. The 
general chromatic number xk(G) of G is the minimum order of a partition P of V such that each 
set in P induces a subgraph H with x(H) s k. This paper initiates a study of xk(G) and 
generalizes various known results on x(G). 
Let G = (V, E) be a graph. For a property P, let n(P) be the minimum number 
of sets into which V can be partitioned so that each set induces a subgraph H with 
property P. The number n(P) has been studied for various properties P. For 
example suppose PI, P’ and P” be the properties dekred as follows: P,:H is 
totally disconnected or trivial, P’ :H is a forest, and P”: H is k-degenerate. Then 
n(q) is the chromatic number of G, n(P’) is the point arboricity of G studied in 
[6] and n(P”) is the point partition number discussed in [ 131. The number n(P) 
has been studied for some other properties in [l, 2,4-7, 10-15, 171 and [18]. 
Let k 2 1 be an integer, and x(G) denote the chromatic number of G. Here we 
initiate the study of the number n(Pk), where Pk is the property: I == k.
A set S c V is a Pk-set if x((S)) s k, where (S) is the subgraph of G induced 
by S. A partition {VI, Vz, l . . , Vn} of V is a. Pk-partition if each I$ is a P,-set. A 
&-coloring of G is a coloring of the vertices &zf ?Z such that the set of all vertices 
receiving the same color is a Pk-set. A Pk-colorixg which uses r colors is called a 
(k, r)-coloring. If there exists a (k, r)-coloring of G for some r s n, then G is said 
to be (k, n)-colorable. 
The chromatic partition number x~(G) of G is the minimum number of colors 
needed in a P,-coloring of G. If xk(G) = n, then G is said to be (k, n)-chromatic. 
CleaW, xl(G) = x(G) and xk(G) = 1 for all k ax(G). Thus, S G is any 
bipartite graph, %JG) = 1 for all n 3 2, and for an odd cycle Cv, x&Z,,) = 2 and 
x&J = 1, for all n 2 3. For any graph G, xk(G) s Xi(G) when j s k. 
For a real number , let [r] and {r} respectively denote the greatest integer not 
exceeding r, and the least integer not less than r. 
We start with elementary observations. 
position 1. For the complete graph Kp 
(1) 
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CoroIIaq 1.1. For any gmph G of order p 
Reposition 2. For any graph G 
X(G) 
- s Xk(G) s dG)* k 
(2) 
(3) 
We establish only the first half in (3), the second half being obvious. Let 
{IL v,, l l l P V,} be a Xk(G)-partition of V and X( (V;:)) = tiw Since ti s k, we have 
X(G) s C ti s k&(G). E3 
Let #& = B,(G) be the independence number of G, and & be the maximum 
number of points in a &set of G. 
Proposition 3. For any graph G of order p 
f. Let {V,, vz, . . . , Vj} be a minimum 
x~(G) and I&] < &, for 1 <i sn. Therefore, 
&-partition af V(G). Then n = 
and the lower bound in (4) holds. To 
be a &-set With fs] = Mk . t%arly! 
p - Mk points, we haire 
establish the upper bound in (4), let S c V 
xk(G - s) 3 xk(G) - 1. Since G - s has 
Therefore, xk(G) s [ ‘+} + 1, and (4) follows. To establish (5), let (V;:) = 
Gi, and I&] =pi. It is well known that 
&s X(Gi) (see [9, p. 1281). 
0 i 
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Since X(Gi) s k, we have 
Pi c &(Gi)k s j%(G)k, and 
P = C Pi s kSo(G)Xk(G), 
and this establishes the lower bound in (5). Similarly, we can establish\ the upper 
bound in (5). Cl 
Results Bonn p-mious studies 
Whenever a result follows from previous studies, we write P.S., and indicate 
the reference. The property Pk is hereditary in the sense that a subset of a Pk-set 





[4], For any induced subgraph H of G, 
%c@=~~ e Xk(G)* 
[4]. For every n 3 1, there is a graph G with xk(G) = n. 
[15]. For every n a 1, there is a &-pee graph G with xk(G) = n. 
[4]. For every two integers m, n 2 2, there exists a (k, n)-chromatic graph 
whose girth exceeds m. 
P.S.5 [4]. For every c with 2 s c s n, there is a (k, n)-chromatic graph G with 
clique number c. 
A Pk-partition {VI, V2, . . . , vr} of v is compkte if x u 4 is not a Pk-set for all 
i, j, i # j. If V has a complete Pk-partition of order r, we write { V, Pk, r}. 
P.S.6 [8] Interpolation theorem. If {V, Pk9 m} and {V, Pk, M}, where m CM, 
then (V, &, n) for all n, m <n CM. 
We now relate x~(G) with other known parameters of G. 
The point arboricig P(G) of G is the minimum order of a partition 
U4, v2, l l l 9 I$} oi V such that the subgraph (F) induced by V;: is a forest for 
each i. Clearly, for any graph G, 
x2@) s P(G) s x(G). (6) 
Thus, in view of (3), we have for all k 3 2 
%s(G) s P(G) s x(G). (7) 
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Chartrand, Kronk and Wall [7] have proved 
p(G)41+[$], 
where A = A(G) is the maximum degree of G. Hence by (6), we have 
We generalize this result for ail k 2 2 in (23). 
For any graph G of order p, Nordhaus and Gaddum [16] have shown that 
2fisx(G)+~(G: up + 1 and p SX(G)&)S r+)2 
-&cte G is the complement of G. The following analogue for p(G) was obtained 
by Mitchem [14]: 
G s p(G) + p(G) c $(P + 3) (10) 
$s p(G)p(G) s [$(p + 3)12. (11) 
Using Nordhaus-Gaddum results, (3), (7), (10) and (ll), we have the following: 
If k 3 2, then for any graph G of order p, 
Z~~xr(c)+x~(~)~~(p+3) (12) 
We strongly feel that the upper bounds in (12) and (13) can be improved. 
Conjectum 1. Let t = {p/k} and k 2 1. Then for any graph G of order p 
x~(G) + &) s t + 1 
xdG)xd@ s ( y)2= 
Chartrand and Kronk [6] have shown that p(G) s 3 for any planar graph G, 
and if G is outerplanar, p(G) ~2. Thus, as a consequence of (7) we have the 
following: 
Let k 3 2. Then for any planar graph G, x~(G) s 3. If G is outerplanar, then 
Xk(G) s 2. 
Sampathkumar [18] has defined a generalization of chromatic number as 
follows. Let k ~2 be an integer. For a graph G, the number X(~)(G) is the 
minimum order of a partition {VI, V-, . . . , Vn} of V such that for each i, every 
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component in the subgraph (&) induced by V;: has order at most (k - 1). Clearly, 
for any graph G 
%k(G) s x(k+l)&)= 
Further generalizations 
We shall now generalize some more well known results on chromatic number. 
It is well known that for every positive integer n, there exists an n-chromatic 
triangle free graph. We generalize this result. 
Propdtion 4. Given a positive integer n, there exists a Kk+2mj?=ee graph G with 
Xk(G) = n* 
Proof. We prove this result by induction on n. When n = 1, this is true. Assume 
that H is a K k+2’free graph with xk(H) = n. Let V(H) = {v,, v2, . . . , up} be the 
point set of H. we show that there exists a &+&ee graph G with xk(G) = 
n + 1. We construct a graph G from H by adding pk + 1 points {u} U Sip where 
Si = (l&l, UQ, l l l ) Uik}, 1 c i ep. The point u is joined to each point in Sip 
1 s i up, and in addition, each point in Si is joined to each point to which vi is 
adjacent, 1 s i up. 
To see that G is K k+2-free, first observe that u does not belong to any &+2. 
Since no two points in lJ+& Si are adjacent, any Kk+2 consists of a uii, 1s i Gp, 
1 s j s k, and (k + 1) points, say Vii, Viz, . . . , Vi(k+l) of H. But by construction, 
this would imply that the points v;, Vii, Viz, . . . , Vi(k+l) induce a &+2 in H, which 
is not true. 
Let a (k, @-coloring of H be given. Now assign to all points in Si the same 
color assigned to Vi, and assign a (n + 1)th color to u. This produces a 
(k, n + I)-cooling of G. Hence, Xk(G) s n + 1. Suppose Xk(G) s n, and let there 
be given a (k, n)-coloring of G, with colors 1,2, . . . , n, say. Necessarily, the 
point u is colored differbxr:ly from the colors of the points in Sip 1 s i up. 
Suppose u is assigned the color n. Since &(H) = It, the color n is assigned to 
some points in H. Recolor each Vi assigned the color n with the color assigned to 
the points in Si. This produces a (k, n - 1)-coloring of H and a contradiction. 
Thus, Xk(G) = n + 1 and the proof is complete. 0 
Note that when k = 1, we have a known result. 
Critical and minimal graphs 
Let G = (V, E) be an n-chromatic graph and e E V U E. Then e is critical if 
x( G - e) = n - 1. If each point (line) of G is critical, then G is n-critical 
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(minimal). We generalize these concepts as follows: Let G be (k, n)-chromatic 
and e E V U E. Then e is (k, n)-critical if x~(G - e) = n - 1. If every point (line) 
of G is (k, n)-critical, then G is (k, n)-critical (minimal). 
Clearly, an n-critical (minimal) graph G is (1, n)-critical (minimal). One can 
easily verify the following: 
~p&ion 5. The complete graph Kp is (k, n)-critical or minimal if, and only if 
We now generalize many well known results on n-critical graphs. To begin with 
we state a result which follows directly from earlier studies. 
P.S.7 [4]. A (k, n)-critical graph contains an induced (k, r)-critical subgraph for 
all r, 2srsn. 
The following two observations, though trivial, are quite useful later. 
Proposition 6. If G is (k, n)-minimal and has no isolated points, then G is 
(k, n)-critical. 
Proof. Each point v in G is incident to at least one line e. Now, x&G - V) s 
x~(G - e) = n - 1, so that x~(G - V) = n - 1, and G is (k, n)-critical. 
Proposition 7. If G is (k, n)-critical, and B is a &-set of G, then G - B is 
(k , n - 1)-chromatic. 
Proof. Since G is (k, n)-critical, we have r = xG(G - B) s n - 1. Let 
{K v2, l l l 9 V,} be a &partition of V - B. Then {V’, V2, . . . , V,, B} is a 
P,-partition of V. This implies xk(G - B) + 12 n, and the result follows. El 
In his work on n-critical graphs (those whose chromatic number decreases for 
any proper subgraph), Toft [20] has characterized n-critical graphs in terms of 
their (n - 1)critical subgraphs. We generalize these concepts to (k, n)-critical 
graphs. The proof is similar to the corresponding generalization theorem obtained 
by Brown and Corneil [4]. 
reposition 8. Let n 2 2. Then the following are equivalent: 
(a) G is (k, n)-critical 
(b) For v E V(G), let Sy, Sy, . . . , SK, be all maximal Pk-sets containing v. Then 
G - Sy contains a (k, n - 1)critical subgraph. If FY is any such one, then 
V(G) (v} = fi V(Fi”) 
i=l 
(15) 
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(c) Let S,, J;, . . . , S, be all the mWna1 &sets of G. Then G - Si contains a 
(k , n - I)-critical subgraph. If l$ is any such one, then 
V(G) = lj V(e) 
i=l 
Proof. (a)+(b). By P.S.7 and Proposition 7, G - Sp cuntains a (k, n - 1). 
critical subgraph. Let w be any point of G different from V, {VI, V,, . . . , Vn_*} 
be any &partition of G - w, and v E V;:. Clearly, xk( G - w - V;:) = n - 2. Since 
V;: is a &-set, v E V;:, V;: c Sy and w $ Sy, since otherwise x~(G - w - V;-) 3 
x~(G - Sy) = n - 1, a contradiction. In fact, w is in any (k, n - 1).critical 
subgraph of G - 6 (hence of G - Sy) as x~(G - w - K) = n - 2 and xk(G - 
V;:) = n - 1. Thus, w E 4 and (15) follows. 
(b) 3 (c). For any v E V(G) and 1 s i s r,,, we have Sp E {&, &, . . . , S,), so 
that 
V(G) = U (V(G) - W c i, V(4) 
WV(G) i=l 
and (16) follows. 
(c)*(a). If (6, V,, . . . 9 Vn+} is a &partition of V(G), then x~(G - 6) s 
n - 2, and if V;: c Sip then x,‘(G - Si) s xk(G - V;-) 6 n - 2, a contradiction. Thus, 
x~(G) 3 n. We now show that x~(G - w) s n - 1 for all w E V(G). Let w E V(G). 
Then for some i E (1,2, . . . , r}, w is in every (k, n - I)-critical subgraph of 
G - Si, since otherwise we could choose E’S such that w $ UIcl I;I-. Thus, 
x~(G - Si - w) = n - 2, which implies that xk(G - w) s n - 1. This completes the 
proof. 0 
It is well known that every critically n-chromatic graph, n 2 2, is (n - l)-line- 
connected. We now generalize this result. 
Proposition 9. Every (k, n)-critical graph G, n 3 2, is n + (k - 2)-line-connected. 
Proof. The = 22, G not 
(n k - 2)line-connected. Then there exists a partition of V(G) into sets V, and 
V’- such that the set E’ of lines joining VI and V2 contains fewer than (n + k - 2) 
elements. Since G is (k, n)-critical, the subgraphs Gi = (x), i = 1, 2 are 
(k , n - 1)colorable. Let each of G, and G2 be &colored with at most n - 1 
colors, using the same set of n - 1 colors. If each line in E’ is incident with the 
points of different colors, then G is (k, n - I)-colorable. This contradicts the fact 
that x~(G) = n. Hence there are lines in E’ incident with points assigned the same 
color. We show that the colors assigned to the points in V, may be permuted so 
that each line in E’ joins points assigned different colors. Again this will imply 
that xk( G) s n - 1, produce a contradiction and complete the proof. 
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In the &-coloring of G1, let Ui, U2, l . . , Urn be those color classes of G1 such 
thatforeachi, l~i~rn~n - 1, there is at least one line joining Ui and C,. For 
i=l,2,..., m, assume that there are ni lines joining Ui and G2. Hence for each 
i, l<i<rn, we haveni>Oand CE,nisn+k-3. 
If no point u1 of U, is adjacent to a point of G2 having the same color of ul, 
then the assignment of colors to the points of G1 is not altered. If not, in G1 we 
may permute the n - 1 colors, so that in the new assignment of colors to the 
points of G1, no point of U, is adjacent to a point of Gz having the same color. 
This is possible since the points of UI may be assigned any one of at least 
(n-l)-nicolorsand(n-l)-ni>O. 
If in the new assignment of colors to the points of G1, no point u2 of U, is 
adjacent to any point of G2 having the same color as u2, then no (additional) 
permutation of colors in G1 is needed. If not, in G1 we may permute the n - 1 
colors, leaving the color assigned to UI fixed, so that no point of UI U U, is 
adjacent to a point of G2 having the same color. This can be done since the points 
of U2 can be assigned any one of (n - 1) - (n2 + 1) colors, and (n - 1) - (n, + 
1) 3 (n + 1) - (n, + n2) > 0. Continuing this process, we arrive at a (k, n - 1) 
coloring of G, which is a contradiction. El 
Since every connected (k, n)-minimal graph is (k, @-critical, we have 
Corollary 9.1. If G is a connected (k, n)-minimal graph, n 2 2, then G is 
(n + k - 2)-line-connected. 
The above two results imply that the line connectivity A(G) 2 (n + k - 2) for 
every (k, n)-critical graph, or connected (k, n)-minimal graph G. Since A(G) < 
6(G), the minimum degree of G, we have 
ary 9.2, If G is (k, n)-critical or connected (k, n)-minimal, then 
6(G)a(n+k-2). (17) 
When k = 1, this gives a known result. 
If H is an induced subgraph of G, we write U c G. We shall now obtain three 
generalizations of the following known results. 
x(G) s 1+ A(G) (18) 
X(G) < 1 + max S(H) 
HcG 
(Szekeres and Wilf [19]) 
(19 
0. For any graph G with x~(G) = n 2 2, 
x~(G) c max 6(G’) - k + 2 
where the maximum is taken over all induced subgraphs G’ of G. 
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Proof. By P.S.7, there exists an induced (k, n)-critical subgraph H of G. Clearly, 
6(H) S maxG’(n 6(G). Also 
max 6(G’) s max 6(G’) 
G’cH G’cG 
BY un wo an+k-2, so that 
max S(G’) 2 n + k - 2, and (20) follows. 0 
G’tG 
Corollary l&l. For any graph G with xk(G) a 2, 
x~(G) s A(G) -k + 2. (21) 
The results (21) and (20) generalize the results (18) and (19) respectively. 
We now characterize (k, n)-critical points. 
Proposition Il. For a point v in a graph G, the following statementi 
equivalent. 
(i) v is (k, n)-critical 
are 
(ii) There exists a minimum Pk-partition of V such that (v) E Pk, and for each 
V;: E Pk, V;- f: (v), v is adjacent o at least k points in V;:. (A) 
Proof. (i) =$ (ii). Clearly, {v} E Pk for some minimum Pk-partition of V. Suppose 
{{v}, v,, v,, l l l 9 Vn} is such a partition. If for some i, 2 s i s n, v is not 
adjacent o k points in I& then since x(( V;:)) s k, we have x(( I$ U {v})) s k, 
and this implies xk(G) < n, a contradiction. Clearly, (ii) =$ (i). Cl 
CoroIIary 11.1. Zf v is (k, n)-critical, then deg v 3 k(p: . - ‘2). 
Corollary 11.2. Zf G is (k, n)-critical, then 
(i) 6(G) 2 k(n - 1) 
(ii) G should have at least k(n - 1) + 1 points. 
The next result characterizes (k, n)-critical graphs. 
CoroIIary ll.3. The following statements are equivalent. 
(i) G is (k, n)-critical. 
(ii) The statement (A) holds for each point v in G. 
It is not hard to see that if xk(G) = n, then G should have at least k(n - 1) + 1 
points. Hence, any (k, n)-critical (or minimal) graph should have at least 
k(n - 1) + 1 points. The following result shows that the unique graph G with 
xk(G) = n and k(n - 1) + 1 points is Kk(n_l)+l. 
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Proposition 12. Zf G is a graph with t = k(n - 1) + 1 points, then x~(G) = n if, 
and only if, G = KI. 
ProolF, If G = K,, then xk(G) = n by (1). Conversely, let G have t points and 
xk(G) = n. If n = 1, then G = K1. Otherwise, let u and r~ be two distinct points of 
G. If they are not adjacent, then we may partition V into (n - 2) sets, say 
vi, v,, l l l B V,_, each containing k points and one set Vn_* containing u and v 
together with (k - 1) other points. Clearly, x( (V;:)) 6 k for i = 1,2, . . . , n - 1, 
and hence xk(G) <n - 1, a contradiction. Therefore, u and TV are adjacent and 
G= K,. q 
‘Ihe second generalization of the results (18) and (19) is given by the next result 
and its corollary. 
Proposition 13. For any graph G and k 2 1 
where the maximum is taken over all induced subgraphs H of G. 
Proof. Clearly, the result is true when k = 1. Also, this is true when k > x(G), 
since in that case xk(G) = 1. Let 1 <k <x(G) = n. By P.S.7, G has an induced 
subgraph H which is (k, n)-critical. Clearly, 6(H) S maxG*(H 6(G’). Also, any 
induced subgraph of H is an induced subgraph of G. Hence 
max 6(G’) c :nG (G’). 
G’-=H 
Since H is (k, n)-critical, 6(H) 2 k(n - 1) by Corollary 11.2, and hence 
max 6(G’) 2 k(n - 1) = kXk(G) - k, and (22) holds. Cl 
G’-=G 
Since 6(G’) < A(G) for any induced subgraph G’ of G, we have the following. 
W.1. For any graph G, 
xk(G)sP+ y 
[ 1 
We shall now adopt a method described in [4] to obtain another generalization 
of the results (18) and (19). First we define new terms using hypergraph theory. 
Recall that a hypergraph H consists of a set V of vertices and a collection of 
subsets of V of size at least two, called edges. The degree of a vertex v of 
hypergraph H, deg(v), is the maximum number of edges of H that intersect 
pairwise only in {v }. e chromatic number X(H) of H is the minimum number 
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of colors needed to color V(H) so that no edge is monochromatic. Given k a 1 
and a gaph G, form a hypergraph Hk with vertex set V(G), where E c V(H) is 
an edge of Hk if, and only if, the subgraph ( E)c of G induced by E is 
(k, 2)-critical. 
Proposition 14. x(Hk) = Xk(G). 
hoof. Let r = x(Hk) and s = Xk(G). Suppose {&, I&, . . . , Ur) is a x(Hk)- 
partition of V(Hk), and {V’, V,, . . . , x} is a Xk(G)-partition of .V(G). The 
result follows if we show that each Ui is a &-set and no edge of Hk is contained in 
any V;-. Consider any Ui. Since no edge of Hk is contained in Ui, we have 
xk( (Ui)) = 1 and this implies that Ui is a &-set. Suppose now, some edge E of Hk 
is contained in a V;:. Then xk( (K)) 2 2, and this implies that l$ is not a &set, a 
contradiction. This comyietes the proof. Cl 
The k-degree dk(v) of v in G is defined as the degree of II in Hk. Let Ak(G) 
and ak(G) denote respectively, the maximum and minimum k-degree of a point 
in G. 
Using known results in hypergraph theory (see [3, p. 431]), we deduce the 
following for any graph G. 
Proposition I.5 
(i) Xk(G) s 1 + Ak(G) (24) 
(ii) Xk(G) s 1 + max ak(F) 
FcG 
(2% 
(iii) If is n)-critical, ak(G) n 1 
We this by an bound &(G) terms the 
eigenvalue the matrix the G. 
a G order let = denote p adjacency of 
Let = = be largest of If is average 
of it well that s (6) A(G). [21] proved 
xl(G) =x(G) < l-5 m(G). We 
Proposition 16. For any graph 
now generalize this result. 
G and any positive integer k 2 1 
(27) 
and this inequality is the best possible. 
of. If Xk(G) = I, then the inequality (27) holds since m(G) B 0. ht Xk(G) = 
n 2 2 and F be a (k, n)-critical subgraph of G. Let A[G] be a p x p matrix and 
A[F] be a p’ x p’ matrix. Suppose A’ is the p x p matrix obtained from A[G] by 
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replacing by zero’s those rows and columns that correspond to the points of G 
which are deleted in forming 5’. Then 
m(F) = maz m(A’) s m(G). 
The equality above holds since the eigenvalues of A’ are those of A[F] plus an 
additional p - p' zeros, and the inequality follows from the entry-by-entry 
domination of A[G] over A’. 
Since F is a (k, n)-critical graph, it follows from Corollary 11.2 that 6(F) 3 
k(n - 1). Since m(G) 2 m(F) 2 6(F), we have 
m(G) 3 k(n - l), and the result follows. Cl 
That this result is the best possible follows from the fact that 
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